Introduction
An n-dimensional submanifold M ⊂ X of a symplectic manifold (X 2n , ω) is called Lagrangian if the restriction of the symplectic form ω| M ≡ 0. For instance, one may consider embedded Lagrangian surfaces in the standard symplectic four-space (R 4 , ω 0 ). By the formula of Audin [2] , the Euler characteristic of a closed Lagrangian surface Σ ⊂ R 4 satisfies
It follows that the only orientable surface that admits a Lagrangian embedding into R 4 is the 2-torus. Examples of embedded Lagrangian tori are easy to exhibit (which does not imply that such embeddings are easy to understand, cf. Subsec. 2.9) .
Similarly, a non-orientable Lagrangian surface in R 4 must be diffeomorphic to a connected sum of an odd number of copies of the Klein bottle K = RP 2 #RP 2 . In the seminal note [10] , Givental' constructed Lagrangian embeddings K# · · · #K 2m+1 times ֒→ R 4 for all 2m + 1 ≥ 3.
The question whether the Klein bottle itself admits a Lagrangian embedding into R 4 has remained open (cf. [13] , [15] , [9] ). Notice that there are no "classical" topological obstructions. In particular, explicit totally real embeddings K ֒→ C 2 are known [16] .
The purpose of this paper is to answer this question in the negative: 0.1. Theorem. The Klein bottle does not admit a Lagrangian embedding into (R 4 , ω 0 ). This statement will follow from a more general result. Recall that every projective algebraic complex manifold carries a Kähler form with integral cohomology class. The symplectic structure defined by this form depends only on the corresponding ample line bundle, i. e. on the polarization of the manifold. Therefore one can speak of Lagrangian submanifolds of polarized complex algebraic manifolds. 0.2. Theorem. Let K ֒→ (Y, ω) be a Lagrangian embedding of the Klein bottle into a complex algebraic surface. Then the Z 2 homology class [K] ∈ H 2 (Y ; Z 2 ) is non-trivial.
It is now easy to deduce Theorem 0.1. By the Darboux theorem, every symplectic fourmanifold is locally isomorphic to a ball in (R 4 , ω 0 ). Hence, if there were a Lagrangian embedding K ֒→ (R 4 , ω 0 ), then one could construct homologically trivial Lagrangian embeddings into every (Y, ω) by rescaling, a contradiction.
Other corollaries of Theorem 0.2 concern Lagrangian embeddings of non-orientable surfaces into the complex projective plane CP 2 with its standard symplectic structure. 0.3. Corollary. The Klein bottle does not admit a Lagrangian embedding into CP 2 .
Indeed, suppose that a Lagrangian embedding K ֒→ CP 2 exists. By Theorem 0.2, the homology class [K] ∈ H 2 (CP 2 ; Z 2 ) is non-trivial. The intersection form on H 2 (CP 2 ; Z 2 ) ∼ = Z 2 is non-degenerate, and hence the homological self-intersection index [K] · [K] = 1 ∈ Z 2 . On the other hand, an embedded Lagrangian Klein bottle in a symplectic four-manifold always has self-intersection index zero (because its normal bundle is isomorphic to its tangent bundle which has trivial second Stiefel-Whitney class). 0.4. Corollary. If ℓ 1 , ℓ 2 : RP 2 ֒→ CP 2 are two transversal Lagrangian embeddings, then the intersection ℓ 1 (RP 2 ) ∩ ℓ 2 (RP 2 ) consists of at least three points. 1 The second Stiefel-Whitney class of the tangent bundle of RP 2 is non-zero and so the homology classes [ℓ j (RP 2 )] ∈ H 2 (CP 2 ; Z 2 ) are non-trivial. Hence, the Z 2 intersection index [ℓ 1 (RP 2 )] · [ℓ 2 (RP 2 )] = 1 and the transverse intersection ℓ 1 (RP 2 ) ∩ ℓ 2 (RP 2 ) consists of an odd number of points. If there were only one intersection point, then by doing Lagrangian surgery on it, one could obtain a Lagrangian embedding of the Klein bottle into CP 2 contrary to the previous assertion.
The estimate for the number of intersections is sharp: two transversal linear Lagrangian RP 2 ⊂ CP 2 (obtained from Lagrangian R 3 ⊂ C 3 ) have exactly three intersection points. Note that the Arnold conjecture gives the same lower bound for the number of intersection points of any Lagrangian RP 2 and its image under a generic Hamiltonian isotopy. 0.5. Example. There exists a Lagrangian Klein bottle in CP 2 blown-up at one point.
A natural way to understand this example is to observe that the Klein bottle is RP 2 blown-up (in the real algebraic sense) at one point. Hence, it is the real part of CP 2 blown-up at one real point. This embedding is Lagrangian with respect to a "real" (i. e. complex conjugation anti-invariant) symplectic form. The Z 2 homology class represented by this Klein bottle is (1, 1) ∈ Z 2 ⊕ Z 2 ∼ = H 2 (CP 2 #CP 2 ; Z 2 ). 0.6. Outline of the proof of Theorem 0.2. The argument is naturally divided into two independent parts. The first step is a fairly general construction of Lefschetz pencils adopted for the study of Lagrangian submanifolds. The second step is a more specialized "cork-screw" for a Klein bottle embedded nicely into a Lefschetz fibration. 1 • Morse and Lefschetz. The starting point is the beautiful discovery of Julien Duval [6] (see also [7] , [11] , and Theorem 2.4 below) that Lagrangian submanifolds of projective algebraic manifolds are rationally convex. Morally speaking, this means that one can approximate every function f : M → C on a Lagrangian submanifold M ⊂ X by a rational function on X. By applying this to (circle-valued) Morse functions, we conclude that a Lagrangian submanifold can be perturbed in such a way that a given Morse function on it is induced by a Lefschetz pencil (see Theorem 2.7 for the precise statement). In particular, if M fibers over the circle, this fibration can be "frozen" into a Lefschetz fibration on a blow-up of the ambient manifold X. 2 • Detecting Klein bottles. The Klein bottle is, of course, a non-orientable circle bundle over the circle. Hence, a Lagrangian Klein bottle K ⊂ Y in a projective algebraic surface may be viewed as being embedded fiberwise into a Lefschetz pencil. More particularly, we have a Lefschetz fibration F : Y → CP 1 such that F | K : K → Γ is a non-orientable circle bundle over a closed curve Γ ⊂ CP 1 avoiding the critical values of F .
In this setting, we consider a three-dimensional neighbourhood of K ⊂ F −1 (Γ) ⊂ Y . This neighbourhood is in fact diffeomorphic to the non-trivial orientable annulus bundle over the circle. It is therefore easy to find cohomology classes there having non-zero pairing with [K].
Moreover, these cohomology classes can be interpreted as the Stiefel-Whitney classes of "fiberwise spinor bundles." The crucial observation is that at least one of these bundles can be extended onto the entire manifold Y provided that there is a global section of the Lefschetz fibration. The latter is the case indeed, because Lefschetz fibrations coming from Lefschetz pencils always have sections given by the exceptional curves of the indispensable blow-ups. 2 0.7. Symplectic manifolds. Topological analogues of Lefschetz pencils have recently become available in symplectic geometry by the deep work of Donaldson. There is little doubt that our Theorem 2.7 can be extended to Lagrangian submanifolds of compact symplectic manifolds within the framework of [4] . A result of this type is actually mentioned in [5] (page 61).
The second part of the argument sketched above (see Section 3) makes little use of the complex structure. The result holds true for every orientable topological Lefschetz fibration having a smooth global section. Hence, the generalization of Theorem 2.7 to symplectic manifolds will yield a proof of Theorem 0.2 for every compact symplectic four-manifold (Y, ω) with rational cohomology class [ω] ∈ H 2 (Y ; R). Two Morse functions f 1 , f 2 : M → S 1 are said to be equivalent if there exist diffeomorphisms
A Morse function f : M → S 1 is called simple if all its critical values are distinct, that is, if there is at most one critical point on each level set f −1 (c), c ∈ S 1 .
Simple Morse functions have the following important stability property. Every smooth function that is sufficiently close (in the C 2 -topology) to a simple Morse function is in fact equivalent to it on the compact subsets of M. In this case, the diffeomorphisms ϕ M and ϕ S 1 can be chosen isotopic to the identity diffeomorphisms. Let us observe that, in particular, every simple Morse function on a closed real analytic manifold is equivalent to a real analytic one.
Holomorphic Morse functions.
In the same way, a holomorphic mapping h : X → CP 1 of a complex analytic manifold to the complex projective line is called a holomorphic Morse function if all its critical points are non-degenerate. A simple holomorphic Morse function has at most one critical point on each critical level.
Simple holomorphic Morse functions are smoothly stable. This means that a holomorphic function that is sufficiently close to a simple Morse function h can be represented in the form ϕ CP 1 • h • ϕ X but the diffeomorphisms ϕ X and ϕ CP 1 are not in general holomorphic. Note, however, that in this case it is sufficient to require that the functions are only C 0 -close.
Complexification of Morse functions.
Suppose that M is a real analytic manifold. Then we can consider its complexification M C ⊃ M, that is, the complex manifold obtained by complexifying the transition functions for a real analytic coordinate atlas on M. Every real analytic function f : M → RP 1 extends to a holomorphic function f C : U → CP 1 in a neighbourhood of M ⊂ M C . Clearly, real Morse functions extend to holomorphic Morse functions. Furthermore, if f is simple, then f C is also simple in a (possibly smaller) neighbourhood of M.
By the stability property, the picture remains essentially unchanged if we approximate the function f C by another holomorphic function h : U → CP 1 . More precisely, there exist an isotopic perturbation M ′ ⊂ M C of the submanifold M and an embedded circle Γ ⊂ CP 1 such that h(M ′ ) ⊂ Γ and the function
Lefschetz fibrations and Lefschetz pencils. A simple holomorphic Morse function
h : X → CP 1 on a compact complex manifold X is called a Lefschetz fibration. The same term is frequently used for the actual fibration by the level sets X c = h −1 (c), c ∈ CP 1 . The following general facts about Lefschetz fibrations can be found, for instance, in [14] .
Firstly, it is not true that every compact (or even projective algebraic) complex manifold X admits a Lefschetz fibration h : X → CP 1 . For instance, there is no non-constant holomorphic map from the complex projective plane CP 2 to CP 1 at all. However, Lefschetz fibrations can be obtained from Lefschetz pencils of hyperplane sections by blowing up certain subsets in X.
Suppose that X carries an ample line bundle L so that there exists an embedding X ֒→ CP N defined by the sections of L ⊗m for some m ≥ 1. A classical transversality argument shows that, for two generic sections s 1 , s 2 ∈ Γ(X, L ⊗m ), the ratio h = s 1 s 2 is a rational function on X with the following properties:
1) the indeterminacy locus S = {s 1 = s 2 = 0} is a non-singular complex codimension-2 subvariety of X; 2) the blow-up centered at S defines a modification X → X such that the lift h : X → CP 1 is a Lefschetz fibration on X.
In other words, we consider a generic projection CP N → CP 1 and blow up the intersection of its center with X ⊂ CP N . For instance, if X = CP 2 and the embedding X ֒→ CP N is given by homogeneous polynomials of degree d ≥ 1, we obtain a Lefschetz fibration on CP 2 blown-up at the d 2 intersection points of two generic curves of this degree.
Sections of Lefschetz fibrations.
Although the manifold X may itself admit a Lefschetz fibration, the above construction always yields a different manifold X. Indeed, the indeterminacy locus S ⊂ X cannot be empty because it is the intersection of two hyperplane sections of the projective manifold X.
On the other hand, the Lefschetz fibrations obtained this way have a rather pleasant property. Namely, they admit sections, that is to say (holomorphic) embeddings σ : CP 1 → X such that h • σ = Id CP 1 . To see this, note that blowing up at S ⊂ X replaces this subvariety by the projectivization of its holomorphic normal bundle. By construction, the fibers of this CP 1bundle over S are biholomorphically projected to CP 1 by the function h : X → CP 1 .
In particular, if X is a complex surface, then S consists of a finite number of points and the corresponding sections of the Lefschetz fibration are just the exceptional (−1)-curves of the blow-ups at these points.
Morse functions on Lagrangian submanifolds
2.1. Rational convexity. Let us recall the classical notion first. A compact subset K ⋐ C n is said to be rationally convex if for every point p ∈ C n \ K, there exists a complex algebraic hypersurface H ⊂ C n such that p ∈ H and K ∩ H = ∅.
By the classical Oka Theorem, a rationally convex set K has a base of Stein neighbourhoods U ⊃ K such that every holomorphic function in U can be approximated (uniformly on the compact subsets of U) by rational functions with poles outside of U. The idea of proof is as follows. It is not hard to show that there exists a proper holomorphic embedding of a neighbourhood of K into a polydisc in some C N , N ≫ n, such that the components of this embedding are rational functions. Now, uniform approximation by polynomials in these functions follows from the classical Oka-Cartan-Serre theory, see [12] .
The notion of rational convexity and the Oka Theorem can be naturally formulated for subsets of projective algebraic manifolds. A compact subset K ⋐ X of a compact complex manifold is said to be rationally convex with respect to an ample line bundle L on X if for every point p ∈ X \ K there exists a holomorphic section s ∈ Γ(X, L ⊗m ) for some m ≥ 1 such that s(p) = 0 and s| K = 0. The classical situation corresponds to X = CP n and the standard ample line bundle L = O (1) . With this definition of rational convexity, the Oka Theorem is generalized as follows:
2.2. Oka Theorem for projective manifolds. Suppose that K ⋐ X is rationally convex with respect to L. Then there exists a base of Stein neighbourhoods U ⊃ K with the following property: Every holomorphic function h : U → C can be uniformly approximated on the compact subsets of U by rational functions of the form s 1 s 2 with s 1 , s 2 ∈ Γ(X, L ⊗m ) and s 2 = 0 in U.
The proof of this result parallels the classical case. It should be pointed out, however, that one may only consider holomorphic functions with values in C. The assertion of the theorem can be false for rational functions or general holomorphic mappings into CP 1 .
2.3. Lagrangian submanifolds. Let X be a compact complex manifold with an ample line bundle L. The first Chern class of L can be represented by a Kähler form ω. In other words, ω is a closed positive (1, 1)-form, i. e. a symplectic form on X compatible with the complex structure. For the sake of completeness, let us note that such a symplectic form exists also if X is a Stein manifold and L = O is the trivial line bundle.
Duval [6] for X = C 2 , Duval-Sibony [7] for X = C n , and Guedj [11, Theorem 2.8] in the general case proved the following remarkable result: 2.4. Duval-Sibony-Guedj Theorem. Suppose that a compact submanifold M ⊂ X is Lagrangian with respect to the symplectic form ω. Then M is rationally convex with respect to L.
In fact, this theorem provides a characterization of Lagrangian submanifolds within the class of totally real submanifolds. Recall that a real n-dimensional submanifold of a complex nmanifold is said to be totally real if its tangent space at every point spans the complex tangent space of the ambient manifold. Clearly, every submanifold that is Lagrangian with respect to a Kähler form is totally real. It is shown in [11] that if a totally real submanifold is rationally convex with respect to an ample line bundle L, then it is Lagrangian with respect to some positive (1, 1)-form representing the first Chern class of L.
Approximation by Lefschetz pencils.
We can now deduce our principal technical result. Let M ⊂ X be a closed Lagrangian submanifold of a projective algebraic manifold. That is to say, M is Lagrangian with respect to a Kähler form representing the first Chern class of an ample line bundle L on X. By a small perturbation, one can arrange that M is a real analytic Lagrangian submanifold of X. More precisely, we invoke the following lemma, which is proved by a routine application of Moser's method and the Darboux-Weinstein theorem.
2.6. Lemma. Let L ⊂ X be a closed Lagrangian submanifold with respect to a Kähler form representing the first Chern class c 1 (L) of an ample line bundle L on X. Then there exists a C ∞ -small diffeotopy ϕ 0≤t≤1 : X → X such that the submanifold ϕ 1 (L) ⊂ X is real analytic and Lagrangian with respect to a real analytic Kähler form representing the cohomology class c 1 (L).
By the implicit function theorem, the real analytic totally real submanifold M ⊂ X possesses a neighbourhood biholomorphic to its complexification M C . Hence, the complexification of any real analytic Morse function f : M → RP 1 defines a holomorphic Morse function in a neighbourhood of M ⊂ X taking its values in a neighbourhood of RP 1 ⊂ CP 1 . Notice that the range of this function can be biholomorphically mapped into C by a fractional-linear transformation of CP 1 . By Theorems 2. 2 • Symplectic structures. The submanifold M ′ obtained in Theorem 2.7 is Lagrangian with respect to a symplectic form ω ′ isotopic to a Kähler form on X. Since the isotopy can be chosen arbitrarily small (at the expense of increasing the degree of the Lefschetz pencil), the form ω ′ can be assumed positive with respect to the complex structure on X. In this case, the restriction of ω ′ to every fiber X c = F −1 (c) of the Lefschetz fibration F : X → CP 1 is again symplectic and the intersection M ′ ∩ X c is Lagrangian in ( X c , ω ′ | Xc ). 3 • Immersed submanifolds. Gayet [8] proved that the Duval-Sibony-Guedj theorem holds true for immersed Lagrangian submanifolds with transverse double points. Theorem 2.7 may be generalized to this situation. The double points of M are placed into singular points of the Lefschetz fibration. The model example is provided by the Whitney sphere in C n embedded into the pencil of quadratic hypersurfaces, see Subsec. 2.9.
2.9. Examples and constructions. An attractive problem is to find a "converse" to Theorem 2.7 that would allow one to construct Lagrangian submanifolds with prescribed behaviour in Lefschetz pencils. The general question should be related to the "symplectic monodromy" of Lefschetz fibrations, cf. [1] and [17] . More particularly, this point of view can be applied to several existing examples of Lagrangian embeddings. 1 • The standard torus T = {(z 1 , z 2 ) ∈ C 2 | |z 1 | = |z 2 | = 1} is embedded into the pencil of vertical (or horizontal) lines so that the pencil projection is the standard Morse function f (1) : T → S 1 without critical points.
The torus T is also embedded into the pencil of lines passing through the origin. The corresponding circle Γ is the unit circle in CP 1 . The Morse function T → S 1 induced by this pencil is equivalent to f (1) by a non-trivial diffeomorphism of T . 2 • Another torus. Let us compare the standard torus with the Lagrangian torus
where λ : S 1 → C is an embedding into the right half-plane, i. e. Re λ(θ 1 ) > 0 for all θ 1 ∈ S 1 . By construction, T λ is embedded into the pencil of lines passing through the origin. The corresponding circle Γ = RP 1 is the set of the "real" lines. However, the induced Morse function f (2) : T λ → S 1 is equivalent to 2 • f (1) , where 2 denotes the double covering of the circle by itself. (Note that the intersection of T λ with each "real" complex line consists of the two components ±λ(S 1 ).)
Chekanov [3] proved that, for λ(θ) = e cos θ (1 + i sin θ), the torus T λ is not globally symplectomorphic to the standard one, although T λ and T are isotopic within the class of Lagrangian tori in C 2 and have the same classical invariants. It is tempting to explain this difference by the fact that T λ and T correspond to non-equivalent Morse functions in the simplest possible Lefschetz pencil on C 2 . 3 • Odd-dimensional Klein bottles. The n-dimensional Klein bottle K n is obtained by gluing the ends of the cylinder S n−1 × [0, 1] via the reflection
It is a result of Lalonde [13] that the (2k + 1)-dimensional Klein bottle admits a Lagrangian embedding into the standard symplectic R 4k+2 . Let us write down an explicit formula for such an embedding. Notice that, on the even-dimensional sphere S 2k , the reflection used in the definition of the Klein bottle is isotopic to the antipodal map
Therefore, the formula
defines an embedding of the odd-dimensional Klein bottle K 2k+1 . It is easy to check that this embedding is Lagrangian with respect to the standard symplectic form on C 2k+1 .
The Lagrangian Klein bottle obtained this way is embedded into the pencil of quadratic hypersurfaces
Geometrically, this embedding realizes the monodromy of the vanishing cycle in Q 1 around the singular fiber Q 0 . The appearance of the Klein bottle for odd dimensions is a manifestation of the Picard-Lefschetz formula, which asserts that the monodromy reverses/preserves the sign of the vanishing cycle in the odd/even dimensions. Accordingly, if the ambient complex dimension is even, the same construction gives a Lagrangian embedding S 2k−1 × S 1 ֒→ C 2k . 4 • The Whitney sphere. Consider the immersion S n C n given by the following formula:
This sphere is immersed into the quadratic Lefschetz pencil so that its unique double point is at the singular point 0 ∈ C n of the pencil. The pencil projection maps the Whitney sphere onto the embedded circle
The Morse function induced by this projection is obtained as follows. First, take the Morse function y : S n → [−1, 1] with two critical points attaining its maximum y = 1 and minimum y = −1 at the two preimages of the double point of the Whitney immersion. Then make y into a circle valued function by identifying the ends of the segment [−1, 1] . The reader may check that the examples considered above can be obtained from the Whitney sphere by Lagrangian surgeries within the quadratic Lefschetz pencil. That is to say, the corresponding circle Γ ⊂ C 1 is moved off the critical value 0 ∈ C 1 in the two different ways. Let now F : X → CP 1 be a Lefschetz fibration on a compact complex surface. The pre-image of every point in CP 1 \ Crit(F ) is a non-singular irreducible complex curve and, in particular, a connected oriented real surface. Note that this orientation depends continuously on the fiber ("the Lefschetz pencil is chiral"). Hence, the pre-image X Γ = F −1 (Γ) of an embedded circle Γ ⊂ CP 1 \ Crit(F ) is a smooth orientable three-manifold fibered over S 1 ∼ = Γ.
Klein bottles in Lefschetz fibrations

3.2.
Proposition. Suppose that the Klein bottle K is embedded into X Γ so that F | K : K → Γ is equivalent to the canonical Morse function without critical points. If the Lefschetz fibration F : X → CP 1 admits a section σ : CP 1 → X, then the homology class [K] ∈ H 2 (X; Z 2 ) is non-trivial.
3.3.
Proof of Theorem 0.2. Given a Lagrangian Klein bottle K in a projective surface Y , one can apply Theorem 2.7 to the Morse function p : K → S 1 . Hence, there exists a Lefschetz fibration on a blow-up X = Y of this surface such that K is isotopic to a fiberwise embedding as in Proposition 3.2. Furthermore, this Lefschetz fibration has (holomorphic) global sections arising from the exceptional curves of the blow-ups. Thus, the Z 2 homology class represented by K is non-trivial in X. However, this homology class is the image of [K] ∈ H 2 (Y ; Z 2 ) under the natural inclusion H 2 (Y ; Z 2 ) ⊂ H 2 (X; Z 2 ), and the result follows.
3.4. Proof of Proposition 3.2. Let us first look at the three-dimensional tubular neighbourhood U Γ ⊃ K in X Γ . It is easy to see that F | U Γ : U Γ → Γ is an annulus bundle equivalent to the following model. Consider the standard annulus
and the orientation preserving diffeomorphism
Then The diffeomorphism ψ has two fixed points ±1 ∈ A. Let γ + , γ − ⊂ U Γ be the closed curves corresponding to these fixed points. We claim that, for the homology classes [γ ± ] ∈ H 1 (U Γ ; Z 2 ) and [K] ∈ H 2 (U Γ ; Z 2 ), the intersection indices
To see this, note first that each of the curves γ ± ⊂ K is orientation reversing and so the value of the first Stiefel-Whitney class w 1 (K) ∈ H 1 (K; Z 2 ) on the homology classes [γ ± ] ∈ H 1 (K; Z 2 ) is equal to 1 ∈ Z 2 . The neighbourhood U Γ ⊃ K is orientable and hence the first Stiefel-Whitney class of the normal bundle of K equals w 1 (K). It remains to observe that
Notice that this computation proves Proposition 3.2 for the simplest case in which the general fiber of the Lefschetz fibration F : X → CP 1 is the 2-sphere. Then X Γ ∼ = S 2 × S 1 and hence all sections Γ → X Γ represent the same homology class in H 1 (X Γ ; Z 2 ). However, we have just seen that, for the particular sections γ ± , the intersection index with K is non-zero. It follows that
where the first intersection index is calculated in X and the second in X Γ . This shows that the class [K] ∈ H 2 (X; Z 2 ) is non-trivial, because it has non-zero intersection with the homology class [σ(CP 1 )] ∈ H 2 (X; Z 2 ).
The proof in the general case is somewhat more complicated. In Lemma 3.5 below, we will show that the cohomology classes [γ ± ] * ∈ H 2 (U Γ ; Z 2 ) Poincaré dual to [γ ± ] ∈ H 1 (U Γ ; Z 2 ) admit a nice geometric interpretation, and at least one of them extends to the entire manifold X. However, for every cohomology class c ∈ H 2 (X; Z 2 ) such that c| U Γ = [γ ± ] * we must have
and the non-triviality of [K] ∈ H 2 (X; Z 2 ) follows.
3.5.
Lemma. There exists a complex line bundle S = S(X, F, σ) on X (the fiberwise spinor bundle) such that the restriction of its second Stiefel-Whitney class w 2 (S) ∈ H 2 (X; Z 2 ) to the neighbourhood U Γ ⊂ X Γ coincides with one of the classes [γ ± ] * ∈ H 2 (U Γ ; Z 2 ).
Let us first explain the appearance of spinors in this lemma. Consider the trivial complex line bundle
and glue two line bundles S ± over U Γ by identifying the fibers over (z, 1) and (ψ(z), 0) = (1/z, 0) via complex multiplication by ∓i/z, respectively. Then the functions s ± (z, t) = e − πi 2 t (z ∓ 1) on the cylinder A×[0, 1] define transverse sections of S ± whose zero sets are the curves γ ± ⊂ U Γ . For instance, let us check that s + satisfies the prescribed transformation rule:
Since the second Stiefel-Whitney class of a complex line bundle (regarded as an oriented R 2bundle) is dual to the zero set of a transverse section, it follows that
Let us observe now that the bundles S ± → U Γ are obtained by gluing via the "square roots" of the differential dψ(z) = − dz z 2 of the diffeomorphism ψ : A → A. From the differential geometric viewpoint, the objects transformed this way are spinors on the annulus A. Hence, S ± are "fiberwise (or relative) spinor bundles" on the fibration U Γ → Γ. In order to complete the proof of Lemma 3.5 and Proposition 3.2, we recall the properties of the spinor bundle of an oriented surface and show how to build up a fiberwise spinor bundle on a Lefschetz fibration with a global section.
3.6. Proof of Lemma 3.5: Spinors and monodromy. Let us first consider a connected oriented real surface Σ. The unit circle bundle ST Σ of its tangent bundle T Σ is in a natural way a principal U(1)-bundle. The first Chern class c 1 (ST Σ) ∈ H 2 (Σ; Z) is even (divisible by two). Since H 2 (Σ; Z) has no 2-torsion, there exists a unique square root of ST Σ, that is to say, a U(1)-bundle SΣ such that c 1 (SΣ) = 1 2 c 1 (ST Σ). Note that the total space of SΣ is an S 1 -bundle over Σ that can be defined equivalently as the fiberwise double covering of the total space of ST Σ. The complex line bundle over Σ associated to SΣ is called the (positive) spinor bundle of the surface Σ.
The differential of an orientation preserving diffeomorphism ϕ ∈ Diff + (Σ) acts naturally on the spherical tangent bundle ST Σ. This action lifts to SΣ in two inequivalent ways which differ by the involution τ : SΣ → SΣ such that SΣ/τ = ST Σ. For instance, the identity map can be lifted either to the identity map or to the involution τ . Another example is provided by the two lifts of the diffeomorphism ψ ∈ Diff + (A) used above.
Next, consider the subgroup Diff + (Σ, p) ⊂ Diff + (Σ) of diffeomorphisms fixing a neighbourhood of some point p ∈ Σ. In this case, one can choose the lifts to the spinor bundle canonically by requesting that the action on the fiber over p ∈ Σ is trivial. The canonical lifting is a continuous homomorphism of Diff + (Σ, p) into the group of fiber-preserving diffeomorphisms of the spinor bundle. In particular, the canonical lifts of diffeomorphisms isotopic within Diff + (Σ, p) are themselves isotopic. Now, let us turn back to the Lefschetz fibration F : X → CP 1 . To every closed curve in CP 1 \ Crit(F ) passing through a point b ∈ CP 1 \ Crit(F ) there is associated an isotopy class of orientation preserving diffeomorphisms of the non-singular fiber X b = F −1 (b). For an embedded circle Γ ∋ b, these diffeomorphisms correspond to the gluing of the fibered three-manifold X Γ from the cylinder X b × [0, 1]. This association defines the monodromy representation of the fundamental group π 1 (CP 1 \ Crit(F ), b) in the mapping class group Map(X b ).
Clearly, by trivializing along the global section σ : CP 1 → X, all monodromy diffeomorphisms can be chosen fixing a neighbourhood of the point σ(b) ∈ X b . Hence, the monodromy of the Lefschetz fibration F : X → CP 1 can be lifted canonically (with respect to the section σ) to the spinor bundle of the fiber X b . This lifting defines a complex line bundle S(X, F, σ) → X which is a square root of the fiberwise tangent bundle T (X, F ) (= the extension of Ker dF over the singular points of the Lefschetz fibration).
It remains to show that the fiberwise spinor bundle S = S(X, F, σ) obtained this way restricts to one of the bundles S ± on the three-dimensional neighbourhood U Γ ⊃ K. By the isotopy extension theorem, the diffeomorphism ψ ∈ Diff + (A) is the restriction of a diffeomorphism Ψ ∈ Diff + (X b ) isotopic (by an isotopy which may not fix the point σ(b) ∈ X b ) to a monodromy map associated to the curve Γ ⊂ CP 1 . The lift of this isotopy to the spinor bundle of X b takes the canonical lift of the monodromy diffeomorphism to one of the lifts of Ψ. However, there are only two such lifts, and the bundles S ± correspond to these two possibilities. 2 Warning. It is not true that both cohomology classes w 2 (S ± ) = [γ ± ] * ∈ H 2 (U Γ ; Z 2 ) can always be extended to the entire manifold X. Examples in which this is not so can be constructed in the Lefschetz fibration corresponding to a pencil of cubics on CP 2 .
